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ABSTRACT 
By a graph we mean a finite undirected graph without loops and without multiple 
edges. The automorphism group of a graph consists of those permutations of the vertex 
set of the graph which preserve adjacency relations. A graph is called asymmetric if its 
automorphism group consists only of the identity automorphism. In this paper we study 
questions pertaining to the existence and structure of asymmetric graphs. 
Specifically, we establish the extreme values of p and q for which there exist 
asymmetric graphs having p vertices and q edges. These extremes are obtained for the 
following four classes of graphs: all graphs, connected graphs, graphs having no vertices 
of degree 2 (topological graphs), and connected topological graphs. 
An asymmetric graph K is said to have asymmetry equal to 1 if it is possible by either 
adjoining one edge to K or deleting one edge of K to obtain a graph which is not 
asymmetric. For the above-mentioned four classes of graphs we resolve the following 
problem: determLqe the least value G(p, 1) for which there exists a graph having 
asymmetry equal to 1, having p vertices, and having G(p, 1) edges. This problem stated 
for the class of all graphs was posed by P. Erd6s and A. R6nyi, Asymmetric Graphs 
Acta Math. Acad. Sci. Hungar. 14 (1963), 295-315. 
1. INTRODUCTION 
By a graph we mean a finite undirected graph (as defined in [8, p. 2]) 
without loops and without mult iple edges. The automorphism group of a 
graph consists of those permutat ions of the vertex set of the graph which 
preserve adjacency relations (cf. [8, p. 239]). A graph is called asymmetric 
if its automorphism group consists only of  the identity automorphism 
(cf. [3]). I f  a graph has a non-identity automorphism group the graph is 
called symmetric. In this paper  we study questions pertaining to the 
existence and structure of  asymmetric graphs. Our first theorem establishes 
the extreme values of p and q for which there exist asymmetr ic  graphs 
having p vertices and q edges. 
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Let an denote the number of asymmetric trees having n vertices. The 
numbers a, have been determined by F. Harary and G. Prins [5, p. 155]. 
These numbers are here employed in the manner indicated below to 
assign to each integerp (p >/8)  a pair of integers (N, w). 
For each integer p (p >~ 8), let N and w be defined by 
p = 
N N+I 
ann <~ p < ~ ann, and 
n=l n=l  
(1.11 
N 
a~n§ 1)+r  (0 <~w <aN+l ;0  ~r  <N+ 1). 
n=l  
THEOREM 1. 
then 
6) 
Oi) 
and 
I f  K is an asymmetric graph having p vertices and q edges, 
p = 1 orp >/6, and 
m~ <~ q <~ M~, where 
Ii /fp = 1 
/ fp= 6,7 
N 
~ a . - -w  ifp ~8,  
m~ ~- 
M~ = 
t ifp = 1 if   6 
15 i fp  = 7 
p(p -- 3) 
2 -}- ~anq-W i fp~8,  
where N and w are as defined in (1.1). 
The bounds m~ and M~ are the best possible in the sense that for each 
p (p ---- 1,p >/ 6) there exist asymmetric graphs having p vertices and, 
respectively, the minimum ~ and the maximum M~ number of edges. 
The preceding theorem is proved in the class of all graphs. We denote 
this class by G. We have also established the values p, m~ ,and M~ for the 
following three classes of graphs: C : the class of connected graphs, 
G t = the class of graphs having no vertices of degree 2, henceforth called 
topological graphs, and C t : the class of connected topological graphs 
(cf. section 2). 
We next turn our attention to the structure of asymmetric graphs. We 
note that the order of the automorphism group of a graph can in some 
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sense be considered a measure of the "symmetry" of the graph. This 
suggests the following question, due to P. Erd6s and A. R6nyi [3]: how 
can one measure the "asymmetry" of an asymmetric graph ? 
With respect o the above question we observe that the complete graph 
on p vertices, U~, is symmetric, except when p = 1. Thus, it is clear that 
any asymmetric graph K (K =/: Ua) can be made symmetric, i.e., a symme- 
tric graph can be obtained from K by adjoining a sufficient number of edges 
to K. It is also possible to make K symmetric by deleting edges from K. 
However, the number of edges which must be adjoined to an asymmetric 
graph in order to make it symmetric is in general not the same number of 
edges which must be deleted from the given graph in order to make it 
symmetric. Examples of this latter fact are given in section 3. These obser- 
vations suggest he following definitions for measures of asymmetry of a 
graph. 
If K is a graph we define the positive asymmetry A+[K] of K as the least 
number of edges which when adjoined to K yields a symmetric graph, the 
negative asymmetry A-[K] of K as the least number of edges which when 
deleted from K yields a symmetric graph, and the asymmetry A[K] of K 
as the minimum of ~ + 3 where a symmetric graph can be obtained from 
K by adjoining c~ edges and deleting 3 edges. In section 3 we obtain upper 
bounds for the values A+[K], A-[K], and A[K] where K ranges over the 
class of all graphs having p vertices and q edges. In particular, Theorem 5
of section 3 sharpens a result, obtained by Erdtis and R6nyi, concerning 
the function A (cf. [3, Theorem 3, p. 311]). 
In section 4, for each class of graphs G, C, G t, and C ~, we determine the 
least value G(p, 1) for which there exists a graph K with p vertices, 
A[K] = 1 (A+[K] = 1, A-[K] = 1), and G(p, 1) edges. Our theorem for 
the class G contains the solution to a problem posed by Erd6s and R6nyi 
([3, p. 312]). This result is an immediate consequence of our Theorem 1. 
Our theorem with respect o the class C t is stated below. 
Let C~(p, 1) denote the least number of edges for which there exists an 
asymmetric graph K in C ~ having p vertices, A [K] = i, and C~(p, 1) edges, 
where we require that the symmetric graph obtained from K is a graph in C ~. 
THEOREM 9. C~(p, 1) is undefined for p -= 1, 2 ..... 6, Ct(7,1) : 11, and 
Ct(p, 1) : ']P + 2 
p+l  
for p -= 8 q- 2n 
for p = 9 + 2n 
(n = 0, 1, 2,...) 
(n ---= 0, 1, 2,...). 
The values of C~(p, 1) with respect o the function A + are the same as 
those with respect o the function A. 
The values of Ct(p, 1) with respect to the function A-  are as follows: 
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Ct(p, l) is undefined for p = l, 2 ..... 6, C*(7, 1) = 11, C*(9, 1) ~ 12, and 
Ct(p, 1) =p + 2 for p = 8 and p >/ 10. 
2. EXISTENCE THEOREMS 
PROOF OF THEOREM 1: I fp  = 1, then K = U1 and m 1 = M 1 = 0. In 
[3, p. 296] it is shown that, if a graph has 2, 3, 4, or 5 vertices, then it is a 
symmetric graph. It is further noted that the graph in Figure 2.1 has 6 
vertices and is asymmetric. In the proof  of Theorem 4 [3, p. 311] it is 
shown that there exists an asymmetric tree having p vertices for each 
p >~ 7. This proves part (i) of the theorem. 
FIGURE 2.1 
We remark here that the minimum value 6 for the number of vertices of 
an asymmetric graph K (K :/= (-/1) was first observed by I. N. Kagno 
[7, footnote p. 859] and that the existence of asymmetric trees having p 
vertices for eachp  /> 7 is due to R. Frucht [4, p. 241]. 
We now seek the extrema m~ and M~ for each p (p ~> 6). I fp  = 6, we 
have, by referring to the graph in Figure 2.1, that m~ ~< 6. I f  a graph K 
has 6 vertices and 5 edges or less, then either K is a tree or K is not con- 
nected. Since a tree with 6 vertices is symmetric and a graph with 6 vertices 
which is not connected must contain a component which is symmetric or 
in the extreme case have no edges, we must have m6 = 6. Since a graph and 
its complement have the same automorphism group [7, p. 860], the com- 
plement of the graph in Figure 2.1 is asymmetric and consequently ields 
the maximum value 21//6 ~ (6 9 5/2) -- 6 = 9. I fp  = 7, the values m7 and 
M~ are obtained by considering the asymmetric tree having 7 vertices 
(cf. Fig. 2.2) and the complement of this tree, respectively. These graphs 
yield the values m 7 = 6 and 2147 = (7.6/2)  -- 6 = 15. 
0/ 
FIGURE 2.2 
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If p >~ 8, we claim that the minimum value m~ is equal to the number 
of edges of an asymmetric forest having p vertices and a minimal number 
of edges relative to p. As we have already shown, this assertion is also 
valid for p = 1 and p = 7. For each p ~> 8 we shall construct a minimal 
edge asymmetric forest which depends on the numbers N and w (cf. (1.1)). 
This in turn will yield an expression for rn~ in terms of N and w. The 
separation of cases into p ~< 7 and p ~> 8 is due to the fact that N and w 
are not uniquely defined by (1.1) when p ~< 7. 
To prove the asertion of the preceding paragraph we first show that for 
p = 1, 7, 8, 9 .... an asymmetric forest F,, having p vertices has a minimal 
number of edges if and only if it has a maximal number of components 
c(F~) relative to a fixed p and that for minimal edge asymmetric forests the 
number of components c(F,) is a monotone increasing function of p. 
Consider the formula (2.1) for the cyclomatic number N(K) of a graph K 
having q(K) edges, p vertices, and c(K) components: 
N(K) = q(K) - -  p 4- c(K). (2.1) 
For a forest F we have N(F) = 0. Thus, for fixed p, q(F) =- p -- c(F) is 
minimal if and only if c(F) is maximal. Now, let F~ denote a minimal edge 
asymmetric forest having p vertices and c(F~,) components. We have 
1 = c(F1) ~< c(Fs) for s = l, 7, 8, 9 ..... I fp  ~> 7, let v denote the number 
of vertices in a maximal vertex component of F~. If this component is
replaced by an asymmetric tree with v § 1 vertices the forest obtained is 
asymmetric, has p 4- 1 vertices, and c(F~,) components. Therefore, a 
minimal edge asymmetric forest having p 4- 1 vertices has at least c(F~,) 
components. This shows that the number of components in a minimal 
edge asymmetric forest is a monotone increasing function of the number 
of vertices p. 
We now show that, for p = l, 7, 8, 9 ..... an asymmetric graph having p 
vertices has at least the same number of edges as a minimal edge asym- 
metric forest havingp vertices. Since the assertion is clearly true forp = l, 
we shall assume p >~ 7. Let K denote an asymmetric graph having p 
vertices and let F~ denote a minimal edge asymmetric forest having p 
vertices. From the cyclomatic number formula (2.1) we have 
N(K) = q(K) -- p 4- c(K) (2.2) 
and 
0 = q(F~) - -p  4- c(F~). (2.3) 
Let K = F u H, where F consists of the tree components of K and H 
consists of the non-tree components of K. Then, 
N(K) = N(H) and c(K) = c(H) 4- c(F). (2.4) 
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Combining (2.2), (2.3), and (2.4) we have 
q(K) -- q(F~,) = N(H) -- c(H) + c(F~) --  c(F). (2.5) 
Since H has no tree components, we have N(H) -- c(H) >~ O. Let v denote 
the number of vertices in the asymmetric forest F and let F~ denote a 
minimal edge asymmetric forest having v vertices. Then, c(F) <~ c(F~). 
Since v ~< p and c(F~) is monotone increasing with respect to p for minimal 
edge asymmetric forests, we have c(F~)<~ c(F~). Thus, c(F)<~ c(F~). 
These observations together with (2.5) show that q(K) -- q(F~) >~ O. This 
completes the proof of the fact that an asymmetric graph having p vertices 
(p = l, 7, 8, 9,..) has at least the same number of edges as a minimal 
edge asymmetric forest with p vertices. We are now in a position to 
establish the value of m~ for p ~> 8. 
Let the set of asymmetric trees be put into a 1-1 correspondence with 
the positive integers in such a way that, if Tr and T~ are asymmetric trees 
with r and s vertices, respectively, then r < s implies T~ follows Tr in the 
ordering of the asymmetric trees induced by the selected 1-1 correspond- 
ence. Note that the ordering within a set of trees having the same number 
of vertices is arbitrary. Specifically, since the first few values of a~ are 
al = 1, ai = 0(i = 2, 3 ..... 6),aT ~- 1,as ~ 1, anda  9 --~ 3 (cf. [5, p. 156]), 
the preceding remarks imply that, in the ordering of the asymmetric trees 
obtained, U1 is first, the asymmetric trees having 7 and 8 vertices are 
second and third, respectively, and the three asymmetric trees having 
9 vertices are fourth, fifth, and sixth. Now, given p (p ~ 8), let N and w be 
defined as in (1.1). Keeping in mind that 
N 
ann = 1 "1 + 1"7+ 1 :8+3"9+ " "+aNN 
n=l  
we shall consider the two cases, w ---- 0 and w :~ 0. 
I f  w = 0, then 
N 
p:  ~ a~n- -N+(N+r) .  
n=l  
The forest consisting of all the asymmetric trees having no more than 
N -- 1 vertices plus the first aN - -  1 asymmetric trees having N vertices 
plus an asymmetric tree having N + r vertices is an asymmetric forest 
having a minimal number of edges with respect o p. In the case in which 
r = 0, the asymmetric tree having N + 0 vertices to be chosen should be 
the aN th asymmetric tree having N vertices, thereby ensuring that this 
tree will be distinct from the already chosen aN-  1 asymmetric trees 
having N vertices. The assertions concerning this forest are clear, since 
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its components are distinct asymmetric trees and the construction maxi- 
mizes the number of components, hence minimizes the number of edges. 
I f  w ~;~ 0, then 
N 
p = ~, a ,~n+(w- -1 ) (N+ 1)+(N+ 1 +r ) .  
In this case the minimal forest we construct consists of all the asymmetric 
trees having no more than N vertices plus the first w -- 1 asymmetric 
trees having N + 1 vertices plus an asymmetric tree having N q- 1 + r 
vertices. As before we note that, if r = 0, then the asymmetric tree having 
N-k  1 + 0 vertices to be chosen should be distinct from the already 
chosen w-  I asymmetric trees having N q- 1 vertices. As in the case 
w ----0, this forest is asymmetric and has a minimal number of edges 
relative to p. 
We now compute the number of edges in these minimal edge forests. 
I f  w = 0, then the forest constructed has 
N-1 
a,~ + (aN --  1)-+- 1 
components. I f w :/~ 0, then the forest constructed has 
N 
~ a .+(w- -  1 )+ 1 
n=l  
components. Thus, in both cases these minimal forests have 
N 
~ an-+-w 
components. Applying the defining formula (2.1) for the cyclomatic 
number of a graph in the case where the graph is a forest having p vertices 
and u 27~=1 an -k w components we obtain the following value for m~: 
N 
m~,=p- -  ~a ,~- -w (p ~ 8). 
n=l  
Since the complement of any such forest is an asymmetric graph with a 
maximal number of edges, we obtain the following value for M~: 
M~ -- p(p --  1) p(p --  3) N 
2 rn~ -- 2 + ~ as q- w (p ~/8). 
This completes the proof of part (ii) of the theorem and since we have 
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exhibited graphs having the extreme number of edges indicated in the 
statement of the theorem, the proof of Theorem 1 is completed. 
Theorems 2, 3, and 4, below, establish, for each class of graphs C, C ~, 
and G ~, the extreme values of p and q for which there exist asymmetric 
graphs having p vertices and q edges. 
THEOREM 2. I f  K & an asymmetric connected graph having p vertices 
and q edges, then 
(i) p = lo rp  >~ 6, and 
(ii) m~ <~ q <~ M~, where 
and 
m~ z 
M~ = 
l! ifp = 1 
i fp = 6 
--1 i fp>/7 ,  
l if p= 1 
ifp = 6 
15 / fp = 7 
N 
P(P2  3) -t- ~a,+w i fp>/8 ,  
n=l  
where N and w are as defined in (1.1). 
The bounds m~ and M~ are the best possible in the sense that for each 
p (p = 1, p >~ 6) there exist asymmetric connected graphs having p vertices 
and, respectively, the minimum m~ and the maximum M~ number of edges. 
PROOF: I f  K is a connected graph having p vertices, then K has at 
least p -- 1 edges. In the proof of Theorem 1 we noted the existence of 
asymmetric trees having p vertices for any p >~ 7. Since a tree having p 
vertices has p -- 1 edges, we have m~ = p -- 1 (p >~ 7). The values ml 
and m 6 for connected graphs cannot be less than those obtained in 
Theorem 1 for arbitrary graphs. In particular U1 and the connected graph 
in Figure 2.1 yield the values mx= Mi = 0 and m 6 ----- 6 for the present 
case. 
We next note that the extreme values M~ for connected graphs cannot 
exceed those given for arbitrary graphs in Theorem 1. In particular we 
observe that the graphs given in the proof of Theorem 1 realizing the 
extreme values M~(p >/ 6) are all connected graphs. Specifically, if 
p = 6 or 7 we have as our maximal edge asymmetric connected graphs 
the complements of the graphs in Figures 2.1 and 2.2, respectively. This 
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yields M 6 = 9 and M7 = 15. For p >/ 8 each minimal edge asymmetric 
forest given in the proof of Theorem 1 contains the graph 0-i as a Com- 
ponent. This implies that the maximal edge asymmetric graphs which 
are complements of these graphs are connected graphs. This completes 
the proof of Theorem 2. 
THEOREM 3. I f  K is an asymmetric connected topological graph having p 
vertices and q edges, then 
O) P -~ 1 or p ~ 7, and 
(ii) m~ <~ q <~ M~, where 
and 
m ~a l 
O /fp = 1 
11 / fp ---- 7 
p+2 / fp= 8§  1,2,...) 
p+l  / fp=9§  1,2,...), 
0 i fp = 1 
15 / fp ---- 7 
p(p -- 3) 
+ ~,anq-w i fp>~8,  2 n=l  
where N and w are as defined in (1.1). 
The bounds m~ and M~ are the best possible in the sense that for each p 
(p = 1, P ~ 7) there exist asymmetric connected topological graphs having 
p vertices and, respectively, the minimum m9 and the maximum M~ number 
of edges. 
REMARK. Since the language and initial setting of [9] is different from 
that used in this paper and as we will be using some results contained in [9] 
we make the following observations. I fK is  a topological graph (K@ U1), 
then K can be thought of as a 1-dimensional cell complex and the auto- 
morphism group of K as a graph is isomorphic to the homeotopy group 
of K as a complex (cf. [9, p. 353]). In particular a 1-dimensional cell 
cornplex with homeotopy group equal to zero can be thought of as an 
asymmetric topological graph (cf. [9; Lemma, p. 354]). Finally, we note that 
the theorem on p. 353 of [9] which we will explicitly use is valid only for 
connected 1-dimensional cell complexes. 
PROOF OF THEOREM 3: It was proved in [9, Theorem, p. 353] that, if 
a connected topological graph is asymmetric and not equal to U1, then it 
582/3/x-5 
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must have at least 7 vertices and that for each p (p ~> 7) there exist asym- 
metric connected topologic graphs having p vertices. This proves part (i) 
of the theorem. 
It was also shown in [9, Theorem, p. 353] that an asymmetric connected 
topological graph which is not equal to U1 must have cyclomatic number 
(called the nullity in [9]) greater than or equal to 2. This combined with 
part (i)yields p + 1 ~ m~ (p /~ 7). 
The graphs depicted in Figure 2.3 are asymmetric connected 
topological graphs having p = 9 + 2k vertices and q = 10 + 2k 
edges (k = 0, 1, 2,...). Thus, we have 
m~ =p+l ,  i fp =9 +2k(k  =0,1 ,2 , . . . ) .  
FIGURE 2.3 
In [9, p. 356] it is shown that every asymmetric connected topological 
graph having cyclomatic number equal to 2 is of the form: 
[(u, v)t (u, v)2 (u, vh (v, w)] 
with W (W)  3) free edges (by a free edge (s, t) at the vertex s we mean 
an edge (s, t) such that the vertex t has degree 1) adjoined at isolated 
interior points of the parallel edges (u, v)~ (i = 1, 2, 3) such tl'.at each of 
these three edges has a distinct number of free edges adjoined to it. Note 
that in this adjunction process we are introducing new vertices in contrast 
with the adjunction of edges discussed in the introduction. The number 
of vertices that each of these graphs has is of the form 
p = 9 + 2k (k = 0, 1, 2,...). Thus, i fp  5& 9 + 2k (k = 0, 1,2,...), then 
p +2 <~ m~(p >~ 7). 
The graphs depicted in Figure 2.4 are asymmetric connected topological 
graphs havingp = 8 + 2k vertices and q = 10 + 2k edges (k = 0, 1, 2,...). 
Thus, we have 
my =p+2,  i fp = 8 +2k(k  =0,1,2 , . . . ) .  
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To complete the proof of our assertion concerning m~ it remains to 
show that m7 = 11. In [9, Theorem, p. 353] it is shown that an asymmetric 
connected topological graph must have at least 10 edges. The graph in ked 
FIGURE 2.4 
Figure 2.5, which is an asymmetric connected topological graph having 7 
vertices and 11 edges, together with the following lemma yields 
m7 = 11. 
) 
FIGURE 2.5 
LEMMA 2.1. Every connected topological graph having 7 vertices and 
10 edges is symmetric. 
PROOF: Let K denote a connected topological graph having 7 vertices 
and 10 edges. 
(a) K contains at least one free edge. This is seen by considering the 
following relation: 
2q = f] d(A,) (2.6) 
i=1 
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where q is the number of edges of a graph having p vertices and d(Ai) is the 
degree of the vertex Ai (cf. [8, p. 7]). Applying (2.6) to K together with the 
assumption that K does not have any free edges yields the following 
contradiction: 
7 
2-10  = ~d(A i )  >~ 3"7. 
i=1 
Thus, K contains at least one free edge. 
(b) I f  K contains exactly one free edge, then K is symmetric. Let K 
contain exactly one free edge (A, B), where d(A) = 1, and consider the 
graph K' defined as follows: 
K' ~ (K -- {(A, B)}) u {B}. 
Since (A, B) is the only free edge in K, every automorphism of K leaves 
(A, B) fixed. Thus, the automorphism group of K is isomorphic to the 
group of automorphisms of K' which leave B fixed or equivalently to the 
group of automorphisms of the complement K' (in U6) of K' which leave 
B fixed. We shall consider/s rather than K' because K' has 6 vertices and 
6 edges whereas K' has 6 vertices and 9 edges. Applying (2.6) we find that 
K does not have any vertex of degree greater than 4 and in fact contains at 
most one vertex of degree 4. This implies that/s is connected and contains 
at most one vertex of degree 1. We next note that K' contains at most one 
vertex of degree 2, the only possibility being the vertex B. This implies 
that/s contains at most one vertex of degree 3 (the vertex B which is to 
remain fixed when we consider automorphisms of R'). Now, there are 
exactly thirteen connected graphs having 6 vertices and 6 edges (el. Table 
9 in [10, p. 150]). Among these there are exactly four graphs which have 
at most one vertex of degree 3. We depict these candidates for the graph 
K'  in Figure 2.6. Note that these graphs need not be, and in fact are not, 
? 
o o o ; 1 o o 
B B 
(7o 
B 
FIGURE 2.6 
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topological graphs. Of the three possibilities for /s  having a vertex B of 
degree 3, each has a non-identity automorphism which leaves the vertex B 
fixed. The fourth graph in Figure 2.6 has, corresponding to each vertex, a 
non-identity automorphism which leaves that vertex fixed. Thus, we have 
shown that, if K has exactly one free edge, then K is symmetric. 
(c) I f  K contains exactly two free edges, then K is symmetric. Let K 
contain exactly two free edges (A, B) and (C, D), where d(A) = d(C) = 1, 
and consider the graph K' defined as follows: 
/c' _-- (K -- {(A, B), (C, D)}) u {B, D}. 
Since (A, B) and (C, D) are the only free edges of K, every automorphism 
of K either interchanges the edges (A, B) and (C, D) or leaves both of them 
fixed. Thus, the automorphism group of K is isomorphic to the group of 
automorphisms of K' which either interchange the vertices B and D or 
leave both B and D fixed. As before it will be more convenient to consider 
the complement/s of K'. In this case K'  is one of two possibilities: either 
KT' consists of two disjoint edges plus U1 or a chain of length two plus two 
copies of U1 (cf. Fig. 2.7). This follows from the fact that K' is a graph 
B 
FIGtJRE 2.7 
with 5 vertices and 8 edges, i.e., K' is Us with two edges deleted. We 
further note that in the case in which/s is the graph with the chain of 
length two, one of the free edges of K, say (A, B), must have been adjoined 
at the vertex of degree 2. For if the were not the case, K would have that 
vertex as a vertex of degree 2. By referring to Figure 2.7 we see that for any 
choice of the vertices B and D in the first graph there is a non-identity 
automorphism of the graph which either interchanges B and D or leaves 
B and D fixed. For any choice of D in the second graph we see that there 
is a non-identity automorphism of the graph which leaves both B and D 
fixed. Thus, we have shown that, if K has exactly two free edges, then K is 
symmetric. 
(d) K contains at most two free edges. If K contains n (3 ~ n < 7) free 
edges, then the graph K' obtained from K by removing the free edges, in 
the manner indicated in the preceding paragraphs, would have 7 -  n 
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vertices and 10 -- n edges. But for n ~> 3 this would imply that K'  had 
multiple edges, which it does not. 
Combining (a), (b), (c), and (d) completes the proof of Lemma 2.1. 
In order to prove the assertions concerning M~ we show that the asym- 
metric connected graphs (p = 1, p >~ 7) exhibited in proving the asser- 
tions concerning M~ in Theorem 2 are topological graphs. I fp  = 1 or 
p = 7, it is clear that the connected maximal edge asymmetric graphs 
in question are topological. Thus, let Kdenote a maximal edge asymmetric 
graph which is the complement of a minimal edge asymmetric forest F of 
the type we have defined in the proof of Theorem 1 and let K have p 
vertices (p /> 8). Then, K has a vertex x of degree 2 if and only i f F  has a 
vertex of degree p -- 3. This follows from the equation: 
degv(x )+2 =p- -  1. 
We now recall that F has U1 as a component and we note that the com- 
ponent C(x) of F which contains x, since it contains the closed star of x, 
fit(x), must contain at least p -- 2 vertices. This leaves exactly one vertex 
y of F unaccounted for. Since F is asymmetric, y cannot be an isolated 
vertex. Thus, y is in the component C(x). Since C(x) is a tree and 
C(x) -- st(y) = st(x), 
y cannot be adjacent o more than one vertex of C(x). It is clear that there 
is, up to isomorphism, only one graph that can be obtained in this way 
and that this graph is symmetric. On the other hand this graph is supposed 
to be the graph F which is asymmetric. Thus, we have arrived at a contra- 
diction. Therefore, K cannot contain a vertex of degree 2 and this com- 
pletes the proof of Theorem 3. 
THEOREM 4. 
q edges, then 
(j) p = 1 or p ~ 7, and 
(ii) m, <~ q <~ M~, where 
m ~o 
I f  K is an asymmetric topological graph having p vertices and 
Ii /Up = 1 
11 /Up = 7 
10 / fp  = 8 
+ 1 / fp ----= 9 + 2k (k = 0, 1, 2,...) 
/up = 10 + 2k (k = O, 1, 2,...), 
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and 
M~ = l 
O i fp  = 1 
15 / fp = 7 
p(p -- 3) N 
2 + ~a, -kw i fp>~8,  
where N and w are as defined in (1.1). 
The bounds m~ and M~ are the best possible in the sense that for each p 
(p = 1, p ~ 7) there exist asymmetric topological graphs having p vertices 
and, respectively, the minimum m~ and the maximum M~ number of  edges. 
PROOF: Part (i) of Theorem 1 implies that an asymmetric topological 
graph K (K @ U1) must have at least 6 vertices. However, each asym- 
metric graph having 6 vertices has at least one vertex of degree 2. Thus, for 
asymmetric topological graphs (not necessarily connected) the possible 
number p of vertices is p = 1 or p ~> 7. That these values are realized 
follows from Theorem 3. Thus, we have proved part (i) of the theorem. 
Let K denote an asymmetric topological graph having p vertices, qedges, 
and e components. Then, by (2.1) we have, q = p + N(K) -- e. Every 
asymmetric connected topological graph, other than U1, satisfies N(K) >/2 
(of. [9, Theorem, p. 353] and recall the Remark that follows the statement 
of Theorem 3 of this paper), and 
N(K) = ~ N(K,), 
i~1  
where Ki is a component of K. Thus, q ~ p + 2c -- c, if U1 is not a 
component of K, and q ~ p + 2(c -- 1) -- c, if U~ is a component of K. 
This in turn yields 
q>~p+c>~p-k l ,  
q >~ p-k  c - -  2 >~ p, 
Therefore, p ~ m~ (p ~ 7). 
if U1 is not a component of K, and 
if U1 is a component of K. 
(2.7) 
We have noted that there are no asymmetric topological graphs having 
6 vertices. This implies that a minimal edge asymmetric topological graph 
having 7 vertices must be connected. Thus, by Theorem 3, we have 
m~ = 11. 
This in turn implies that a disconnected asymmetric topological graph 
having 8 vertices must at least 11 edges. However, applying Theorem 3, 
we see that the minimum ms = 10 is realized by a connected asymmetric 
topological graph. 
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We next note that the graphs depicted in Figure 2.3 each combined 
with the graph Ux are asymmetric topological graphs having p = 10 § 2k 
vertices and q = 10 -t- 2k edges (k = 0, 1, 2,...). Thus, 
m~ = p, i fp = 10 -}- 2k (k = 0, 1, 2,...). 
In view of (2.7) and Theorem 3 the above values o fp  are the only values 
for which m~ = p. For the remaining values of p, we must have 
p -t- 1 ~< m~, and by Theorem 3 this minimum is realized by the graphs 
depicted in Figure 2.3, i.e., 
m~ = p q- 1, i fp = 9 q- 2k (k = 0, 1, 2,...). 
With respect o the values of M~, we note that the values given in 
Theorem 1 are absolute maximums for arbitrary asymmetric graphs. 
Furthermore, as was shown in proving Theorem 3, the graphs constructed 
in establishing these values are topological graphs. This completes the proof 
of Theorem 4. 
3. ASYMMETRY BOUNDS 
Let A+[K], A-[K], and A[K] denote the positive asymmetry, negative 
asymmetry, and asymmetry of a graph K as defined in the introduction. 
LEMMA 3.1. I f  K denotes a graph and K its complement, hen (i) 
A[K] = A[/~] (Erd6s-Rdnyi), (ii) A+[K] = A-[/s (iii) A-[K] = A+[/s 
and (iv) A[K] <~ min {A+[K], A-[K]}. These relations are valid in the 
class G of all graphs. 
PROOF: Statement (i) is Lemma 1 [in 3, p. 295]. For the proof of (ii), 
let A+[K] = ~ and let K'  denote a symmetric graph obtained from K by 
adjoining ~ edges to K. Since K' is symmetric, it follows that/s is sym- 
metric. We now note that/s can be obtained from/s by deleting the edges 
that were adjoined to K in order to obtain K'. Thus, A-[K] <~ ~. Since 
is the least number of edges which when adjoined to K will yield a sym- 
metric graph, c~ must be the least number of edges which when deleted 
f rom/s  will yield a symmetric graph. Therefore, A-[/~] = a. This proves 
(ii). Using the fact that K = K, and part (ii), we obtain A-[K] = A+[/~], 
thereby proving (iii). The proof of (iv) is clear, for if K can be made 
symmetric by either adjoining ~ edges or deleting ~ edges, then 
A[K] <~ min {a, 3}. 
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REMARK. In order to illustrate the inequality of the functions A +, A- ,  
and A we refer to the graph given in [3, Fig. 5, p. 297], depicted here in 
Figure 3.1. This graph is asymmetric, can be made symmetric by deleting 
the edge (A, B), but cannot be made symmetric by adjoining one edge. 
Thus, in this case we have 
A[K] -~ A-[K] = 1 < A+[K]. 
If we apply Lemma 3.1, we obtain 
A[KI = A+[/s ---- 1 < A-[/s 
FIGURE 3.1 
LEMMA 3.2. Let Ask (j :7~ k) denote the number of vertices of a graph K 
which are either (1) adjacent o Pj and not adjacent o Pk or (2) adjacent o 
Pk and not adjacent o Pj , and let A ~ : O. Then, 
O) A-[K] <~ min A~ ( j  =/: k), 
(ii) A+[K] ~ min zi~. k( j  =/: k), where ,djk is Ask in I~, and 
(iii) A[K] ~ min (min A~.k (j ~: k), min A~ ( j  :7~ k)}. 
PROOF: The proof of Theorem 1 [3, p. 299] explicitly yields 
A-[K] <~ min Ask ( j  Va k), i.e., A[K] ~ min Ask ( j  3& k)is proved by 
deleting A,.~ edges from K and thereby obtaining a symmetric graph, For 
the proof of (ii) we delete z~-k edges from the complement of K. This 
yields, by (i), A-[/s ~ min zJ~ ( j  :/: k) and applying Lemma 3.1 (iii) we 
obtain A+[K] ~< min zijk (j 3& k). Combining these facts with Lemma 3.1 
(iv) we obtain (iii). 
In  the next two theorems we give upper bounds for the functions 
A +, A-, and A in the class G of all graphs. 
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THEOREM 5. Let K denote an asymmetric graph (~= UO having p 
vertices and q edges, then 
A+[K] ~< min {M~ --  q -t- 1, ~7 -- m~ + 1}, 
A-[K] <. min{M~ -- q + 1, q - m~ + 1}, and 
A[K] <~ min {M~ --  max {q, q} + 1, min {q, q} --  m~ + 1, 
(4q/p)(1 -- 2q/p(p -- 1))}, 
where ~ = (p(p -- 1)/2) -- q and M~ and m~ are as defined in Theorem 1. 
PROOF: Clearly, A+[K] ~< M~ -- q + 1, 
A+[/s ~< M~ --  5 + 1, A-[K] <~ q -- m~ + 1, 
and 
A-[K]  ~< 5 - -m~ + 1. Combining this with (ii) and (iii) of  Lemma 3.1 we 
obtain: 
A+[K] = A-[/s ~< min{M~ -- q + 1, 5 - -  m, + 1} 
and 
A-[K] = A+[/~] ~< min {q - -  m~ + 1, M~ --  5 + 1}. 
This proves the first two assertions of the theorem. 
Applying Lemma 3.1 (iv) we obtain: 
A[K] <~ min {A+[K], A-[K]} 
~< min {M~ --  max {q, ~]} + 1, min {q, q} --  m~ + 1}. 
Combining this with Theorem 3 [3, p. 311], which states that 
A[KI <~ (4q/p)(1 -- 2q/p(p -- 1)) 
we obtain the last assertion of the theorem. 
REMARK. There are values o fp  and q for which the above theorem is an 
improvement of Theorem3 [3, p. 311] for determining a bound for 
A[K]. For example let p = 15 and q = m15 = 15 --  2 = 13. The above 
theorem yields A[K] ~< 1, whereas Theorem 3 [3] yields 
4 9 13 [1 
i5 t ". =]5  ]O5 = 157~ > 3 ~>A[K]. 
In the following theorem we obtain upper bounds for the values A+[K] 
and A-[K] where K ranges over the class of all graphs having p vertices. In 
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the case in which a graph K is asymmetric and a symmetric graph cannot 
be obtained from K by the edge operations we are considering, then the 
corresponding functions A +, A-, or A shall assign to K the symbol oo. 
For example, 
A+[U1] = A-[Ua] = A[U1] = oo.  
THEOREM 6. Let A+(p) (A-(p), A(p)) denote the maximum of 
A+[K] (A-[K], A[K]) where K ranges over all graphs having p vertices 
(p = 1, 2, 3,...). Then, 
(i) A+(1)  = A- ( l )  - -  A (1 )  = 0% 
(ii) A+(p) = A-(p) = A(p) = 0 (p = 2, 3, 4, 5), 
(iii) A+(6) = A-(6) = A(6) = 1, 
(iv) A+(p) ~< [(p -- 1)/2] (p ~> 7), 
(v) A-(p) <~ [(p -- 1)/2] (p >~ 7), and 
(vi) A(p) ~< [(p -- 1)/2] (p >7 7)(Erd6s-Rdnyi), where [x] denotes the 
integral part of the real number x. 
PROOF: We have already noted that 
A+(1) ---- A-(l) = A(1) = m, A+(p) = A-(p) = A(p) = 0 
when p =2,3 ,4 ,5 ,  and A+(6) =A- (6)  =A(6)  = 1. Now, assume 
p ~> 7. By Lemma 3.2 (i) we have A-[K] <~ min A~k(j ~ k). Since min 
A~k(j :7/= k) cannot exceed the average taken over all A~k we obtain: 
~=I z2k=1 jk  ,. 9 - -  k ) .  min A~-~ ~< -@ ~ ~) (J =T: 
Then as was shown in the proof of Theorem 1 [3] it follows: 
A-[K] ~ [(p -- 1)/2]. 
By Lemma 3.2 (ii), A+[K] ~< min A~.k (j =/= k), where A~.k is Ajk in /~. 
Thus, as above, we have 
A+[K] ~ min Ajk ~< ~1 Z~=I Ajk p(p -- 1) (j ~ k). 
By (1.4) [3, p. 299], we have 
2 ZA Jk= 2 ~ i (p - - l - -v i ) ,  
./=1 k=l  i=1 
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where ~i is the degree of the vertex Pi in g .  Using the fact that 
g~ = p -- 1 -- vi, where v~ is the degree of the vertex P~ in K, we have 
Therefore, 
~o ~o ~o ~o 
Z Z = Z Z Aj . 
j= l  k=l  j=l k=l 
A+[K  ] ~ ~J~--1 Y.~=I AJk p(p -- 1) ~< [(p -- 1)/21. 
The proof of the theorem is completed by noting that assertion (vi) is 
Theorem 1 [3, p. 298]. 
4. GRAPHS HAVING ASYMMETRY EQUAL TO 1 
Let G(p, 1) (C(p, 1), C~(p, 1), Gt(p, 1)) denote the least integer for which 
there exists a graph K in G (C, C ~, G t) having p vertices, asymmetry equal 
to 1, and G(p, 1) (C(p, 1), Ct(p, 1), Gt(p, 1)) edges. If there are no graphs, 
in the particular class of graphs under consideration, having p vertices and 
asymmetrY equal to 1, we express this fact by saying that G(p, 1) (C(p, 1), 
Ct(p, 1), Gt(p, 1)) is undefined. 
THEOREM 7. 
and 
G(p, 1) is undefined for p = 1, 2 ..... 5, 
G(6, 1) ---- G(7, 1) = 6, 
N 
G(p, 1) = p - -  y~ a~ - -  w fo r  p >1 8, 
~=1 
where N and w are as defined in (1.1). 
The values of G(p, 1) with respect o the functions A + and A-  are the 
same as those with respect o the.function A. 
PROOF: Theorem 1 (cf. section 1) states that for a given p the least 
number of edges that an asymmetric graph can have is m~. Thus, if K is a 
minimal edge asymmetric graph, then deleting one edge necessarily yields 
a symmetric graph. Specifically, for a minimal edge asymmetric graph 
K, A-[K] = 1. Furthermore, if one considers the minimal edge asym- 
metric graphs constructed in the proof of Theorem 1 (of. section 2), it is 
seen that each of these graphs can be made symmetric by adjoining one 
edge. This completes the proof of the theorem. 
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THEOREM 8. C(p, 1) is undefined for p = 1, 2 ..... 5, 
C(6, 1) = 6, and 
C(p, 1) =p --  1 for p ~ 7 (Erd6s-R6nyi). 
The values of C(p, 1) with respect o the function A + are the same as those 
with respect o the function A. 
The values of C(p, 1) with respect o the function A -  are as follows: C(p, 1) 
is undefined for p ~ 1, 2,..., 5 and C(p, 1) = p for p >/6. 
Pv, ooE: The asymmetric trees depicted in Figure 4.1 can each be made 
symmetric by adjoining the edge (A, B). Thus, with respect o the func- 
tions A and A + we have 
C(p, 1) = p - 1 (p ~> 7). 
8 O-  0 . . . . . . . . . . . . . . .  0 0 
p-2 vertices 
FIGURE 4.1 
Since a tree is disconnected if any one edge is deleted, we must have that, 
with respect o the function A-,  C(p, 1) ~> p (p >/6). Consider now the 
graphs depicted in Figure 4.2. These graphs are asymmetric, have p 
vertices, p edges, and yield connected symmetric graphs when the edge 
(A, B) is deleted. Thus, with respect o the function A-, we have 
C(p, 1 )= p (p > 6). 
A 
o . . . . . . . . .  Z o
v 
p-I vertices 
FIGURE 4.2 
For the case p = 6 and the function A +, we note that a symmetric graph 
is obtained from the graph in Figure 4.2 by adjoining the edge (A, C). 
This completes the proof of Theorem 8. 
PROOF OF THEOREM 9 (for statement of theorem see introduction). We 
first show that there exist minimal edge asymmetric connected topological 
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graphs K such that A+[K] = 1 and which have symmetrizations which are 
connected topological graphs. 
The graph in Figure 2.5 is asymmetric and has 7 vertices and 11 edges. 
If the edge (A, B) is adjoined to this graph we obtain a graph which has a 
non-identity automorphism, namely, the automorphism which inter- 
changes the vertices B and C. Thus, Ct(7, 1) = 11 with respect o the 
function A +. 
If p = 8 + 2n (n = 0, 1, 2,...), we consider the graphs depicted in 
Figure 4.3. These graphs are asymmetric and have 10 + 2n (n = 0, 1, 2,..) 
edges. If the edge (A, B) is adjoined to these graphs we clearly obtain a 
class of symmetric onnected topological graphs. Thus, we have 
C~(p, 1) = p + 2, i fp = 8 + 2n (n = 0, 1, 2,.,.) 
with respect o the function A +. 
/ n edges ---o 
o- C 
FIGURE 4.3 
If p = 9 § 2n(n = 0, 1, 2,...), we consider the graphs depicted in 
Figure 2.3 (with k = n). These graphs are asymmetric and have 
10 + 2n (n = 0, 1, 2,...) edges. If the edge (A, B) is adjoined to these 
graphs we obtain a class of symmetric connected topological graphs. Thus, 
we have shown 
Ct(p, 1) = p + 1, i fp = 9 + 2n (n = 0, 1, 2,...) 
with respect o the function A +. 
For the graphs we have considered, A[K] = A+[K], thereby proving our 
assertions concerning the functions A and A +. 
The deletion of edge (A, C) in the graph in Figure 2.5 yields a connected 
topological graph having 7 vertices and 10 edges, which by Theorem 3
(cf. Section 2) must be a symmetric graph. Thus, C~(7, 1)-----11 with 
respect o the function A-. 
I fp  = 8 § 2n (n = 0, 1, 2,...) we note that the deletion of edge (C, D) in 
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the graphs depicted in Figure 4.3 yields a class of symmetric onnected 
topological graphs. Thus, 
C~(p, 1) =p § 2, ifp = 8 § 2n (n = 0, 1, 2,...) 
with respect o the function A-. 
If p = 9 q- 2n (n = 0, 1, 2,...), we recall from the proof of Theorem 3
(cf. section 2) the structure of asymmetric connected topological graphs and 
then observe that the deletion of any one edge from these graphs yields a 
graph which is either not connected or has a vertex of degree 2. Thus, with 
respect o the function A-, we have 
Ct(p, 1) ~p+2,  i fp  =9+2n (n =0,1,2 , . . . ) .  (4.1) 
We now consider the class of asymmetric graphs depicted in Figure 4.4. 
These graphs have 11 -k 2n vertices and 13 + 2n edges (n = 0, 1, 3, 4,...) 
and can be made symmetric by deleting the edge (A, B). 
n edges 
n~2 
/<Af 
FIGURE 4.4 
For the casep = 15, q = 17 (the missing case n = 2, above), we con- 
sider the asymmetric graph in Figure 4.5. Here we obtain a symmetric 
graph of the appropriate type when we delete the edge (A, B). 
FIGURE 4.5 
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Thus, we have shown that, with respect o the function A-, 
CtC0, 1) = p + 2, i fp = 11 + 2n (n = 0, 1, 2,...). 
We now consider the remaining case, p = 9. The graph in Figure 4.6 is 
asymmetric, has 9 vertices, 12 edges, and can be made symmetric by 
deleting the edge (A, B). From (4.1), we have Ct(9,1) >~ 11. Thus, the proof 
of the theorem will be complete when it is shown that there does not exist 
an asymmetric topological graph having 9 vertices and 11 edges from which 
a symmetric onnected topological graph can be obtained by deleting one 
edge. 
FtGURE 4.6 
There are exactly three asymmetric connected topological graphs having 9 
vertices and 11 edges. These are shown in Figure 4.7. The deletion of any 
one edge from these graphs yields a graph which is either not connected 
or has a vertex of degree 2 or when the edge (.4, B) is deleted in the middle 
graph we obtain an asymmetric graph. Thus, we have shown that, with 
respect o the function A- we have C~(9, 1) = 12. This completes the 
proof of Theorem 9. 
FIGURE 4.7 
THEOREM 10. G~(p, 1) is undefined for p = 1, 2 ..... 6, G~(7, 1) = 11, 
Gt(8, 1) = 10, 
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and 
~p q- 1 for p = 9 q- 2n (n = 0, 1, 2,...) 
G~(p, 1) 
p for p ~- 10 q- 2n (n = 0, 1, 2,...). 
The values of Gt(p, 1) with respect o the functions A + and A-  are the 
same as those with respect o the function A. 
PROOF: We shall show that there exist minimal edge asymmetric 
topological graphs K such that A+[K] = A-[K] = 1 and which have 
symmetrizations by one edge which are topological graphs. 
From Theorem 4 (cf. section 2), we have G~(7, 1) ~ 11, Gt(8, 1) ~ 10, 
and Gt(p, 1) ~p-k  1 if p=9 + 2n (n = 0,1, 2,...). From Theorem 9, 
we have C~(7, 1) = 11 and Ct(8, 1) = 10 with respect to the functions A + 
and A-, and Ct(p, 1) =p + 1 i fp  = 9 + 2n (n =0,  1, 2,...) with respect 
to the function A +. Consider now the graphs depicted in Figures 2.3. 
These graphs have p = 9 § 2n (n = 0, 1, 2,...) vertices and 
q = 10 § 2n (n = 0, 1, 2,...) edges. By deleting the edge (C, D) from 
these graphs we obtain a class of graphs which are symmetric and topolo- 
gical. Combining the observations of this paragraph proves the assertions 
of the theorem for the cases p = 7, 8, 9 + 2n (n = 0, 1, 2,...). 
If p = 10 + 2n (n = 0, 1, 2,...), we consider the class of asymmetric 
graphs depicted in Figure 4.8. These graphs have 10 q- 2n (n = 0, 1, 2,...) 
n edges j_/-. k D 
F I~E 4.8 
edges and can be symmetrized by adjoining the edge (A, B) or by deleting 
the edge (C, D). In both cases the graph obtained is a topological graph. 
Thus, 
G~(p, 1) = p, i fp  = I0 q- 2n (n = 0, 1, 2,...). 
This completes the proof of Theorem 10. 
5. OPEN PROBLEMS AND RELATED PAPERS 
For the interested reader we recommend [3] in which a number of open 
problems concerning asymmetric graphs are explicitly or implicitly 
582/3/1-6 
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suggested. We also note that, other than for asymmetric trees, there are no 
enumerations of asymmetric graphs in the literature (cf.[5] and [1, p. 188]). 
Z. Hedrlin and A. Pultr [6] have studied graphs which possess only the 
identity endomorphism, where by an endomorph ism of a graph is meant a 
function, not  necessarily 1-1, on the vertex set of the graph to itself which 
preserves adjacency relations. 
Directed graphs which possess only the identity and the constant 
endomorphisms have been studied by V. Chvfital [2]. 
We conclude by  noting that extremum questions of the type studied in 
this paper have not been resolved for graphs which are asymmetric with 
respect o endomorphisms. 
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